Abstract. In this paper we study the pullback and induced crossed modules of R-algebroids, prove that the related induced crossed module functor is the left adjoint of the related pullback crossed module functor and give some consequences of the adjunction.
Introduction
Crossed modules, algebraic models of two types, were …rstly invented by Whitehead [22, 23] in his study on homotopy groups. Various studies on crossed modules of groups and groupoids can be found in papers and books such as [8, 9, 19] , and those of algebras in [4, 5, 18, 20, 21] and in [11, 12, 13] with di¤erent names. G.H. Mosa [17] has studied crossed modules of R-algebroids and double R-algebroids.
Pullback crossed modules of groups is introduced in [8, 10] and induced crossed modules of groups in [7, 8, 10 ]. It's proved in [8] that, in the category of crossed modules of groups, the induced crossed module functor is the left adjoint of the pullback crossed module functor.
R-algebroids were especially studied by B. Mitchell, [14, 15, 16] , and by S. M. Amgott, [3] . B. Mitchell has given a categorical de…nition of R-algebroids. G.H. Mosa has de…ned crossed modules of R-algebroids and proved the equivalence of crossed modules of algebroids and special double algebroids with connections in [17] . M. Alp has constructed the pullback and pushout crossed modules of algebroids in [1] and [2] , respectively.
After the introduction, in the second section of this study we give some basic data on R-algebroids, modules over R-algebroids and (pre)crossed modules of Ralgebroids.
In the third section, …rst we study the pullback crossed modules of R-algebroids, whose construction is done by M. Alp in [1] . Then we prove the 'naturality property' of this construction (Proposition 2). In the fourth section …rst we give a construction of induced crossed modules of R-algebroids using the construction of free precrossed modules of R-algebroids in [6] . Then we prove the 'naturality property' of this construction (Proposition 4). Finally, as the basic goal of this paper, we prove in the category of crossed modules of R-algebroids that the induced crossed module functor is the left adjoint of the pullback crossed module functor (Theorem 1).
In the …fth section we explore some consequences of the adjunction given in Theorem 1.
Throughout the paper R is a commutative ring.
Preliminaries
The following data can be found in [3, 14, 15, 16, 17] :
A category of which each homset has an R-module structure and of which composition is R-bilinear is called an R-category. A small R-category is called an R-algebroid. Moreover if we omit the axiom of the existence of identities from an R-algebroid structure then the remaining structure is called a pre-Ralgebroid.
Remark 1.
If A is an R-algebroid then: 1: A has an object set Ob (A) = A 0 , a morphism set Mor (A) and two functions s; t : Mor (A) ! Ob (A), the source and target functions, respectively.
2: For any a 2 Mor (A) if sa = x and ta = y then x and y are called as the source and target of a, respectively, and a is said to be from x to y.
3: For all x; y 2 A 0 the set of all morphisms from x to y, which is denoted by A (x; y) and called a homset, is an R-module.
Throughout this paper, for any R-algebroid A, a 2 A will mean that a is a morphism of A and the composition of any a; b 2 A with ta = sb will be denoted by ab. Moreover the identity morphism on any x 2 A 0 will be denoted by 1 x or only by 1 if there is no ambiguity. De…nition 2. An R-linear functor between two R-categories is called an R-functor and an R-functor between two R-algebroids is called an R-algebroid morphism. Moreover a map between two pre-R-algebroids obtained by omitting the axiom of identity preservation from an R-algebroid morphism is called a pre-R-algebroid morphism.
Note from the De…nitions 1 and 2 that an R-algebroid is a pre-R-algebroid and an R-algebroid morphism is a pre-R-algebroid morphism.
De…nition 3. Let A be an R-algebroid and I = fI (x; y) A (x; y) j x; y 2 A 0 g be a family of R-submodules. For all w; x; y; z 2 A 0 , a 0 2 A (w; x) ; a 00 2 A (y; z) and a 2 I (x; y) if a 0 a 2 I (w; y) and aa 00 2 I (x; z) then I is said to be a two sided ideal of A.
De…nition 4. Let A be an-R-algebroid and M be a pre-R-algebroid with the same object set A 0 as A. A family of maps de…ned for all x; y; z 2 A 0 as
are satis…ed for all r 2 R; a; a 0 ; a 1 ; a 2 2 A, m; m 0 ; m 1 ; m 2 2 M with tm 0 = sm, tm = tm 1 = tm 2 = sa = sa 1 = sa 2 , ta = sa 0 . A left action of A on M is de…ned in the same manner:
De…nition 5. Let A be an R-algebroid and M be a pre-R-algebroid with the same object set A 0 as A. If A has a right and a left action on M and if the condition
is satis…ed for all m 2 M, a; a 0 2 A with ta = sm, tm = sa 0 then A is said to have an associative action on M. All modules over R-algebroids and their morphisms form a category denoted by ModAlg (R). Moreover, all A-modules with the identity morphism on A form a subcategory ModAlg(R) =A of ModAlg(R). are satis…ed for all a; a 0 2 A, m 2 M with ta = sm, tm = sa 0 . Note that if : M ! A is a (pre)crossed module then M is an A-module and a (pre)crossed module morphism is a module morphism satisfying the second condition.
All precrossed modules of R-algebroids and their morphisms form a category denoted by PXAlg(R). Moreover, all precrossed A-modules of R-algebroids with the identity morphism on A form a subcategory, PXAlg(R) =A; of PXAlg(R). Similarly, all crossed modules of R-algebroids form the category XAlg(R) and all crossed Amodules of R-algebroids form the subcategory XAlg(R) =A of XAlg(R) : Obviously, XAlg(R) is a full subcategory of PXAlg(R) and XAlg(R) =A is a full subcategory of PXAlg(R) =A: 
Pullback crossed modules of R-algebroids
M. Alp has given a construction of the pullback crossed modules of R-algebroids in [1] . In this section, in the proof of the following proposition after giving a brief summary of his construction in part 1 we show that the pullback crossed module satis…es the related universal property in part 2. Moreover we also specify the pullback crossed module functor. f N , with the morphism b f ; f , is called the pullback crossed module of N along f . The pullback crossed module is unique up to isomorphism.
Proof. 1: i: De…ne the source and target of each (n; a) 2 N A as s (n; a) = sa and t (n; a) = ta, respectively, and for all x; y 2 A 0 form the subset f N (x; y) = f(n; a) j s (n; a) = x, t (n; a) = y and f a = ng of N A.
ii: For all x; y 2 A 0 the set f N (x; y) has an R-module structure with the addition de…ned as (n 1 ; a 1 ) + (n 2 ; a 2 ) = (n 1 + n 2 ; a 1 + a 2 ) and the R-action de…ned as r (n; a) = (r n; r a).
iii: The family f N = ff N (x; y) j x; y 2 A 0 g is a pre-R-algebroid with the composition de…ned as (n; a) (n 0 ; a 0 ) = (nn 0 ; aa 0 ) and an A-module with the associative A-action de…ned as a 00 (n; a) = f a 00 n; a 00 a and (n; a)
the conditions ta 00 = s (n; a), t (n; a) = sa 0 . iv: The map f : f N ! A de…ned as f (n; a) = a is a crossed module. (for details see [ 
Clearly b f is a pre-R-algebroid morphism and b f ; f is a crossed module morphism since
n; a 00 a = which together requires h e h = id f N and e hh = id e f N . Thus e h is an isomorphism and the pullback crossed module f N , with the morphism b f ; f , is unique up to isomorphism.
So, we get a pullback crossed module functor f : XAlg(R)=B ! XAlg(R)=A which gives a crossed A-module f N for any crossed B-module N and is de…ned as f (g; id B ) = (f g; id A ) on morphisms such that (f g) (n; a) = (gn; a). Now we prove an important property of pullback crossed module:
and the A-module (f 0 f ) N is formed by the pairs (n; b), ((n; b) ; a) and (n; a), respectively, under the conditions n = f 0 b, f 0 (n; b) = f a and n = (f 0 f ) a, the second of which means b = f a since f 0 (n; b) = b by de…nition. So, any element ((n; b) ; a) of (f f 0 ) N is, in fact, of the form ((n; f a) ; a). It can easily be shown that, for all crossed modules N = ( : N ! C), the map 
i.e. the diagram in Figure 2 is commutative:
) and the family
is a natural isomorphism between f f 0 and (f 0 f ) .
Induced crossed modules of R-algebroids
Although a similar crossed module construction might be possible to that in [2] given by M. Alp, for the construction of the induced crossed module, we prefer to use the free precrossed modules of R-algebroids constructed in [6] , to provide an application. The summary of the construction, in [6] , of the free precrossed Amodule F P (!) = (! P : F P (!) ! A) of R-algebroids determined by the function ! : K ! A where K is a set and A is an R-algebroid such that !k is a morphism of A for all k 2 K, is as follows:
1: The building blocks are elements of the form aka 0 with ta = s (!k) and t (!k) = sa 0 , and words of the form a 1 k 1 a 0 1 a 2 k 2 a 0 2 :::a n k n a 0 n with ta 0 1 = sa 2 ,:::,ta 0 n 1 = sa n , where n 2 N + , a; a 1 ; :::; a n ; a 0 ; a 2: For all x; y 2 A 0 , F P (!) (x; y) is the quotient group obtained by dividing the free additive abelian group generated by all words with source x and target y by 4: F P (!) = fF P (!) (x; y) j x; y 2 A 0 g is a pre-R-algebroid on A 0 with the composition de…ned as P
is an A-module with the associative A-action de…ned as
0 with the condition that ta = sp i , tp i = sa 0 . 6: f N , with the morphism f ; f , is called the crossed module induced from N by f . The induced crossed module is unique up to isomorphism.
Proof. As summarised above, there exists a free precrossed B-module F P f m = f m P : F P f m ! B determined by f m where m : Mor (N) ! A is de…ned as m (n) = n. Let I be the two sided ideal of F P f m generated by all elements of the form
Obviously, I is closed under the actions of R and B. Now, construct the family f N = Moreover f m P induces a precrossed module
0 on generators and the precrossed module f N is also a crossed module thanks to the …rst two generators of I. De…ne the function f : N ! f N as f n = 1n1 where 1n1 = 1 s(f n) n1 t(f n) . By this de…nition the pair f ; f is a crossed module morphism since
1:
f (n 1 + n 2 ) = 1 (n 1 + n 2 ) 1 = 1n 1 1 + 1n 2 1 = 1n 1 1 + 1n 2 1 = f n 1 + f n 2 , 2:
f (r n) = 1 (r n) 1 = (r 1) n1 = r 1n1 = r f n, 4:
f ( a n) = 1 ( a n)
for all n; n 1 ; n 2 ; n 0 2 N, a; a 0 2 A and r 2 R such that sn 1 = sn 2 , tn 1 = tn 2 ; ta = sn; tn = sn 0 = sa 0 . Now for all crossed B-module M = ( : M ! B) of R-algebroids and for all crossed module morphism ( ; f ) :
on generators. It can easily be shown that h preserves the addition, R-action and B-action. Moreover
, which means h preserves the composition. Besides,
for all n 2 N, i.e. h makes the universal diagram in Figure 3 commutative. It can also directly be shown that (h; id B ) is the unique morphism satisfying = hf , and f N , with the morphism f ; f , is unique up to isomorphism.
Thus we get an induced crossed module functor f : XAlg(R)=A ! XAlg(R)=B which gives a crossed B-module f N for any crossed A-module N and is de…ned as 
Obviously N preserves the addition, R-action and C-action. It also preserves the composition since N preserve the addition, R-action and C-action. It also preserves the composition since
Now, for all generators c bnb 0 c 0 of 
crossed module morphisms (g; id A ) : N ! N 0 and for all generators c bnb 0 c 0 of
which means the diagram in Figure 4 is commutative:
So, we can conclude that
is a natural isomorphism between f 0 f and (f 0 f ) . Proof. We must …nd a natural equivalence
which is required to give a map
, is a bijection and natural in both M and N . For all crossed modules M = ( : M ! A) and N = ( :
Moreover, it can easily be seen that ( (M; N ) (h) ; id A ) is a crossed A-module morphism and (M; N ) is 1-1.
For any (g; id A ) 2 (XAlg(R)=A) (M; f N ) the morphism g : M ! f N must be de…ned as gm = (g 1 m; g 2 m), for all m 2 M, such that g 1 m 2 N, g 2 m 2 A and
) is a crossed A-module morphism. So we can write gm = (g 1 m; m) where
is an R-algebroid morphism preserving B-action and (h; id B ) is a crossed B-module morphism since
for all m 2 M which means (M; N ) is onto and so is a bijection. Moreover, provided that ( ) is composition with ( ) from right, for all crossed
which means the diagram in Figure 5 is commutative and so (M; N ) is natural in M: 
